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Abstract
In this paper, we prove that any virtually polycyclic group admits a properly discontinuous and cocompact
action on a simply connected, connected nilpotent Lie group N . This action is a$ne in the sense that the
group acts as a subgroup of the a$ne group A0(N )=NoAut(N ) of connection preserving automorphisms of
N . As a consequence, we also obtain that any virtually polycyclic group admits a polynomial crystallographic
action of degree bounded above by its Hirsch length.
? 2002 Elsevier Science Ltd. All rights reserved.
Keywords: Crystallographic action; Nilpotent and solvable Lie group; A$ne group; Polynomial di0eomorphism;
Virtually polycyclic group
1. Crystallographic actions
A (Euclidean) crystallographic group is a group  ⊆ Isom(Rn) of isometries of a Euclidean space
Rn, acting properly discontinuously and cocompactly on Rn. In case  is torsion free, the action will
be 9xed point free, and the corresponding manifold \Rn will be a compact ;at Riemannian manifold
(where the metric is inherited from Rn). In fact, all compact ;at Riemannian manifolds are obtained
in this way. More generally, we can talk about a Euclidean crystallographic action, by which we mean
a morphism  : → Isom(Rn) letting  act properly discontinuously and cocompactly on Rn. This
is equivalent to saying that the kernel of  is 9nite and that () is a Euclidean crystallographic
group. It follows rather immediately from the well-known Bieberbach theorems that the groups
allowing a Euclidean crystallographic action are precisely the 9nitely generated abelian-by-9nite
groups. Moreover, such a crystallographic action is unique up to a$ne conjugation (see [7,21] for
more details on the Bieberbach theorems).
∗ Tel.: +32-056-246136; fax: +32-056-24699.
E-mail address: karel.dekimpe@kulak.ac.be (K. Dekimpe).
0040-9383/03/$ - see front matter ? 2002 Elsevier Science Ltd. All rights reserved.
PII: S0040-9383(02)00030-7
822 K. Dekimpe / Topology 42 (2003) 821–832
It is rather natural to try to change the setting above (as little as possible) in order to try to
characterize a di0erent, larger class of groups. One way of changing the setup is to enlarge the
group of isometries to the group of invertible a$ne mappings A0(Rn) of Rn. In this setup, a
subgroup  ⊆ A0(Rn) is called an a$ne crystallographic group if the induced action of  on Rn
is properly discontinuous and cocompact. Analogous to the Euclidean situation, we will refer to a
properly discontinuous and cocompact action  : → A0(Rn) as an a$ne crystallographic action.
In case  is torsion free, the quotient manifold M =  \ Rn inherits the a$ne connection from Rn,
and M becomes a compact, complete a$nely ;at manifold. Again, it is known that all compact,
complete a$nely ;at manifolds are obtained in this manner [4]. With respect to this setup, there are
two major questions:
• First there is Auslander’s conjecture [3], stating that the only groups admitting an a$ne crystal-
lographic action are the virtually polycyclic groups. (See [1] for a survey on this problem.) This
question is still open and is only known to be true in dimensions 6 6 [2].
• Secondly, there is a question due to Milnor [16] which asks whether it is true that any virtually
polycyclic group admits an a$ne crystallographic action.
Note that a positive answer to both Auslander’s conjecture and Milnor’s question would imply
that the class of groups admitting an a$ne crystallographic action, would precisely be the class
of virtually polycyclic groups. Moreover, it is known that an a$ne crystallographic action of a
virtually polycyclic group is unique up to conjugation with a polynomial di0eomorphism of Rn.
However, in 1992 (published in [5]) Benoist discovered an example of a torsion-free nilpotent
group not allowing any a$ne crystallographic action. This counter-example completely destroys the
hope of characterizing the virtually polycyclic groups as the class of groups admitting an a$ne
crystallographic action.
In the meantime, we have discovered that if one extends the group of allowed motions from
A0(Rn) to the group of polynomial di0eomorphism P(Rn) (i.e. the group of bijections p :Rn → Rn
such that both p and p−1 are expressed by means of polynomials), we can catch all virtually
polycyclic groups. So any virtually polycyclic group admits a polynomial crystallographic action.
For more details, we refer the reader to [12]. Also in this situation a strong uniqueness result was
obtained (see [6]).
This approach, however, has two disadvantages. It might be that the group P(Rn) is much too large
and also allows crystallographic actions of non-virtually polycyclic groups (although no result in this
direction is known). Moreover, the action of the group P(Rn) on Rn has not as much geometrical
meaning as the groups Isom(Rn) and A0(Rn) have.
Therefore, it is natural to try other generalizations of the group Isom(Rn) and A0(Rn). These
generalizations can be obtained by considering a simply connected, connected nilpotent Lie group
N instead of Rn. Note that all such N are di0eomorphic to some Rn. For any N one can construct
the group A0(N ) = N o Aut(N ) which acts on N via
∀m; n∈N; ∀	∈Aut(N ): (n;	)m= n · 	(m):
The notation A0(N ) is allowed, since this group is exactly the group of connection preserving
self-di0eomorphisms of N , where the connection on N is de9ned by the left invariant vector 9elds
([15]). If we consider a compact subgroup C ⊆ Aut(N ) (just like O(n) is a compact subgroup of
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Gl(Rn)), we can choose a left invariant metric on N for which the group Isom(N )=NoC entirely
consists of isometries of N .
As a natural generalization of the Euclidean crystallographic groups we can consider the subgroups
 ⊆ Isom(N ) acting properly discontinuously and cocompactly on N . These groups have been called
almost crystallographic groups because of their importance in the study of almost ;at manifolds
[13,18]. In [8], the reader can 9nd a detailed account of the theory of almost crystallographic
groups. Of course, an almost crystallographic action consists of a representation of the form  : →
Isom(N ) (for some N ), letting  act properly discontinuously and with compact quotient on N .
As the Bieberbach theorems have been generalized to the almost crystallographic case [8], one can
deduce that the class of groups allowing an almost crystallographic action is exactly the class of
9nitely generated nilpotent-by-9nite groups. Again, such a crystallographic action is unique up to
conjugacy inside A0(N ).
The approach via Isom(N ) does not catch all virtually polycyclic groups, therefore we propose in
this paper to study what happens in case we allow actions via A0(N ).
Denition 1. A NIL-a$ne crystallographic action consists of a representation  : → A0(N ) (for
some connected; simply connected nilpotent Lie group N ) letting  act properly discontinuously and
cocompactly on N .
The image () of such an NIL-a$ne crystallographic action, will be referred to as an NIL-a$ne
crystallographic group.
Note that in case  is a torsion-free group, the quotient manifold M =  \ N inherits the left
invariant connection from N . We will call such a manifold a compact and complete NIL-a$nely ;at
manifold. It is complete in the sense that any partial geodesic  : I → M (de9ned via the connection
on M) de9ned on an interval I ⊆ Rn can be extended to the whole real line.
The main result of this paper is the following:
Main result: Any virtually polycyclic group admits an NIL-a$ne crystallographic action. There-
fore, any torsion-free virtually polycyclic group appears as the fundamental group of a compact and
complete NIL-a$nely ;at manifold.
This result stands in sharp contrast to the failing of the existence of an (ordinary) a$ne crystal-
lographic action for some virtually polycyclic groups. Because of its geometrical importance, it is
a good choice to consider these NIL-a$ne crystallographic actions as a possible alternative for the
failing a$ne crystallographic actions.
On the other hand, we can also interpret our main result in terms of polynomial crystallographic
actions. Doing this, we obtain a big improvement of the results of [12,11]:
Any virtually polycyclic group  admits a polynomial crystallographic action of degree 6 h(),
where h() denotes the Hirsch length of .
2. The uniqueness of nilpotent supplements
In this paper, a crucial role is played by nilpotent Lie groups and their automorphisms. If N is a
simply connected and connected nilpotent Lie group, we say that a continuous automorphism ’ of N
is unipotent (resp. semi-simple) if and only if its di0erential d’ is a unipotent (resp. semi-simple)
824 K. Dekimpe / Topology 42 (2003) 821–832
automorphism of the Lie algebra n of N . Analogously, we will speak about a unipotent (resp.
semi-simple) action on N if all elements act via unipotent (resp. semi-simple) automorphism of N .
For example, such a group N acts unipotently on itself via inner automorphisms.
Let G be a connected and simply connected solvable Lie group. The nilradical N of G is the
unique maximal connected nilpotent normal subgroup of G. It is well known that N is also simply
connected and that G 9ts in a short exact sequence 1→ N → G → Rs → 1 of Lie groups for some
s¿ 0. In [10], it was shown that there exists a maximal connected nilpotent subgroup C of G, with
G=N ·C. This is an analog of a result for polycylic groups [19, Theorem 3, p. 48]. To be able to
refer to such a group C, we recall the following de9nition:
Denition 2. Let G be a group with a normal subgroup N . A supplement for N in G is a subgroup
C such that G = N · C
It was also mentioned, without proof, in [10] that a maximal connected supplement C for N in
G was unique up to conjugation in G. As this fact is playing a major role in this paper, we present
a complete proof here.
Theorem 3. Let G be a connected and simply connected solvable Lie group with a connected
nilpotent normal subgroup N and a maximal connected nilpotent supplement C for N . Then for
any other maximal connected nilpotent supplement C ′ for N; there exists a n∈N; with C=nC ′n−1.
Before we present a proof of this theorem let us recall the following lemma, which will be used
throughout the paper:
Lemma 4 (See [10]). Let G be a connected and simply connected solvable Lie group. Then
(1) Every connected Lie subgroup H of G is closed.
(2) Every connected Lie subgroup H of G is simply connected.
(3) If H is a connected normal subgroup of G; then G=H is simply connected.
(4) If H is a connected normal Lie subgroup of G and K is another connected Lie subgroup of
G; then H ∩ K is a closed; connected and simply connected subgroup of G.
The following proposition will be used in the proof of Theorem 3.
Proposition 5. Let N be a group acting as a group of automorphisms on a vector group Rk such
that the set of 2xed points (Rk)N = 0. Let G=Rk oN be the associated semi-direct product and
let s :N → G be any splitting homomorphism.
Then there exists a g∈G with N = gs(N )g−1.
Proof. The semi-direct product group can be seen as the set Rk × N where the group structure is
given by
∀r; t ∈Rk ; ∀n; m∈N : (r; n)(t; m) = (r +n t; nm):
Any splitting homomorphism is of the form
s :N → Rk : n 
→ ((n); n)
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for some map  :N → Rk . This map satis9es
(n1n2) = (n1) +n1 (n2); ∀n1; n2 ∈N:
Therefore;  is a 1-cocycle. As H 0(N;Rk) = (Rk)N = 0; it follows that also H 1(N;Rk) = 0 (see
[14;19; p. 51] (but replace Q by R) or [17]). This implies that there exists a r ∈Rk ; such that
(n) = nr − r; ∀n∈N . The proof now 9nishes by taking g= (r; 1).
Proof of Theorem 3. The proof of this theorem follows closely the proof of the analogous theo-
rem for polycyclic groups as given in [19]. We use an induction argument on the dimension of
N to prove this theorem. If G (via conjugation) acts unipotently on N (which is also the case
when dim(N ) = 0); the theorem holds trivially; since in this case G is nilpotent and therefore
any maximal connected nilpotent supplement for N is G itself. So suppose that G does not act
unipotently on N . It follows that G does not act unipotently on N=[N; N ]. We let M=[N; N ] denote
the maximal unipotent submodule of N=[N; N ]. Then M=[N; N ] is a subvector space of N=[N; N ]
and (N=M)G = 1. Note that the dimension of the connected subgroup M of G satis9es dim(M)
¡ dim(N ).
As G = N · C and N acts trivially on N=[N; N ], we have that 1 = (N=M)G = (N=M)C . This shows
that N=M does not contain any non-trivial unipotent C-submodule. However, as (M · C ∩ N )=M is
unipotent as a C-module (because MC=M ∼= C=(M ∩C) is), it follows that M ·C ∩N =M . We can
now decompose
G
M
=
N · C
M
=
N
M
· M · C
M
; with
N
M
∩ M · C
M
= 1:
This shows that G=M can be written as a semi-direct product of the form G=M =N=Mo (M ·C)=M
where (N=M)(M ·C)=M = (N=M)C = 1. The same arguments applied to C ′ yield that
G=M =
N
M
o M · C
M
=
N
M
o M · C
′
M
which, by Lemma 5, implies the existence of a n1 ∈N , with (M · C)=M = (n1M · C ′n−11 )=M , or
M · C =M (n1C ′n−11 ):
Both C and n1C ′n−11 are maximal connected nilpotent supplements to M in the group M ·C. By the
induction hypothesis, we 9nd that there exists a m∈M , such that C = mn1C ′n−11 m−1. This proves
the theorem with n= mn1.
3. Nilpotent supplements stable under a nite group of automorphisms
In this section, we will show that for any given 9nite group F ⊆ Aut(G) of automorphisms of a
solvable Lie group G, we can 9nd a supplement C for N =nil(G), which is stable under the action
of F .
However, we 9rst need to prove a lemma, in which we use the following notation. For any group
N , we let N 1 =N and de9ne recursively Ni+1 = [Ni; N i]. The groups Ni are characteristic subgroups
of N . If N is solvable, then Ni = 1 for i big enough.
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Lemma 6. Let G be a connected and simply connected solvable Lie group with nilradical N and
let C be a maximal connected nilpotent supplement for N in G. Then; for any i; the normalizer
NNi(C) of C in Ni is a connected subgroup of N .
Proof. As Ni is a connected characteristic subgroup of N and NNi(C) = Ni ∩ NN (C); Lemma 4
implies that it is enough to prove that NN (C) is connected. Now;
n∈NN (C)⇒ ncn−1 ∈C; ∀c∈C ⇔ ncn−1c−1 ∈N ∩ C; ∀c∈C:
We will show that whenever n belongs to NN (C); then also the whole unique one-parameter
group passing through n belongs to NN (C). It is enough to prove that for any element m of this
one-parameter subgroup mcm−1c−1 ∈N ∩ C; ∀c∈C. Let us denote the Lie algebra of N by n. We
can decompose this Lie algebra as a direct sum of vector spaces n = a ⊕ b; where b is the Lie
subalgebra of n corresponding to the subgroup N ∩C (thus N ∩C = exp(b)). We now pick a basis
A1; A2; : : : ; Ak of the vector space a and a basis of B1; B2; : : : ; Bl of b. Then any element n∈N can
be written in a unique way as
n= exp
(
k∑
i=1
	iAi +
l∑
i=1
!iBi
)
;
for some 	i; !i ∈R. The one-parameter group passing through n is given by
’ :R→ N : t 
→ exp
(
t
(
k∑
i=1
	iAi +
l∑
i=1
!iBi
))
:
From now on we 9x such an n and assume that n∈NN (C). We will denote ’(t) by nt . Let c∈C;
then "(c) :N → N :m 
→ cmc−1 is an automorphism of N; whose di0erential is a linear map of n.
Therefore; for any c∈C there exist linear maps "i; #i :R→ R (depending on n and c) such that
cn−tc−1 = exp
(
k∑
i=1
"i(t)Ai +
l∑
i=1
#i(t)Bi
)
:
Moreover; using the Campbell–Baker–Haussdorf formula; we 9nd that there are polynomial maps
pi; qi :R→ R satisfying
ntcn−tc−1 = exp
(
k∑
i=1
pi(t)Ai +
l∑
i=1
qi(t)Bi
)
:
As n∈NN (C); and therefore also nk ∈NN (C); ∀k ∈Z; we can conclude that pi(k) = 0; ∀k ∈Z. This
means that the polynomials have in9nitely many zeroes and therefore; they must be identically zero.
This means that ntcn−tc−1 ∈N ∩ C for all t ∈R; which was to be shown.
Theorem 7. Let G be a connected and simply connected solvable Lie group with nilradical N . Let
F ⊆ Aut(G) be a 2nite group of continuous automorphims of G. Then; there exists a maximal
connected nilpotent supplement C for N in G such that 	(C) = C; ∀	∈F .
Proof. Let Ni be de9ned as above. As N is nilpotent; hence solvable; N i = 1 for i big enough.
We will proceed by induction on i and construct a connected nilpotent supplement Ci for N in G;
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such that
∀	∈F; ∃xi;	 ∈Ni: 	(Ci) = xi;	Cix−1i; 	 : (1)
The proof then 9nishes by taking C = Ci for an i big enough (this is satisfying Ni = 1).
For i = 1, we can take C1 to be any maximal connected nilpotent supplement for N in G. The
existence of such a C1 was established in [10] and the existence of the x1; 	 follows immediately
from Theorem 3.
Now, assume that Ci satisfying (1) has been constructed. De9ne K=[Ni; N i] ·NNi(Ci). By Lemma
6 the group K is a connected subgroup of N . Of course, K is normal in Ni and then N=K is a
vector group.
We claim that K is 9xed by any element 	 of F . First of all note that 	([Ni; N i]) = [Ni; N i], for
all 	∈Aut(G), as Ni+1 is a characteristic subgroup of G. Now, let 	∈F and consider any element
n∈NNi(Ci). We need to show that 	(n)∈K=Ni+1 ·NNi(Ci). Therefore, it su$ces to show that there
is a ∈Ni+1, such that 	(n)∈NNi(Ci). Let xi;	−1 be an element, corresponding to 	−1, as determined
by condition (1) and let = 	(xi;	−1nx
−1
i; 	−1n
−1)∈ [Ni; N i]. One computes that 	(n)Ci	(n)−1−1 =Ci
which shows that 	(n)∈NNi(Ci), from which we conclude that 	(K) = K for all 	∈F .
It follows that Ni=K is a F-module.
We now de9ne the map
’ :F → Ni=K : 	 
→ xi;	K: (2)
Note that although condition (1) does not determine the elements xi;	 in a unique way, it does
determine them up to an element of NNi(Ci), which shows that the de9nition of ’ is independent
of the exact choice of the elements xi;	.
Now let 	; !∈F , determining xi;	 and xi;!, then
(	!)(Ci) = 	(xi;!Cix−1i;! ) = 	(xi;!)xi;	Cix
−1
i; 	 	(xi;!)
−1
showing that ’(	!) = ’(	) + 	(’(!)).
This means that ’ is a 1-cocycle from F to Ni=K . However, as Ni=K is a vector group (so
divisible) and F is a 9nite group, we have that H 1(F; N i=K) = 0 and therefore, there exists a
x∈Ni such that ’(	) = 	(x)x−1K . In other words, for any 	∈F , we can 9nd a k	 ∈K , such that
xi;	 = 	(x)x−1k	, where k	 in turn can be written as a product of the form k	 = n	m	 for some
n	 ∈Ni+1 and some m	 ∈NNi(Ci).
Now, de9ne Ci+1=x−1Cix. It is obvious that Ci+1 is still a maximal connected nilpotent supplement
for N in G. One computes that
	(Ci+1) = x−1n	xCi+1x−1n−1	 x:
This shows that we can take xi+1; 	 = x−1n	x∈Ni+1.
4. Semi-simple splittings and automorphisms
Let G be a connected and simply connected solvable Lie group with nilradical N and maximal
connected nilpotent supplement C as before. In [10], we constructed a “semi-simple splitting” PG for
G as follows: The group C acts on N via conjugation in G, so every c∈C induces an automorphism
’c :N → N : n 
→ ’c(n) = cnc−1:
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There exist unique automorphisms ’sc and ’
u
c of N satisfying the following three properties:
(1) ’sc is a semisimple and ’
u
c is a unipotent automorphism.
(2) ’sc and ’
u
c commute.
(3) ’c = ’sc’
u
c (this is called the multiplicative Jordan decomposition).
As C is nilpotent, the map ’s :C → Aut(N ) : c 
→ ’sc is a morphism and moreover N∩C is contained
in its kernel, therefore ’s induces a morphism P’s :C=N ∩ C → Aut(N ).
We will use T to denote the group C=N ∩C and for any c∈C, we will use Pc to denote its natural
projection in T . We can now use the representation P’s to de9ne a new representation
 :T → Aut(G) : Pc 
→  ( Pc) with  ( Pc)(nx) = ’sc(n)x; ∀n∈N; ∀x∈C:
The reader is referred to the proof of [10, Theorem 5.3] to see the details of this construction. Using
this representation, we can now de9ne the group PG as a semi-direct product
PG = Go T:
So, any element of PG =Go T can be written as a product nx Pc, for some n∈N and some x; c∈C
and the product is given by
n1x1 Pc1 · n2x2 Pc2 = n1x1 ( Pc1)(n2x2) Pc1 Pc2 = n1x1’sc1(n2)x2 Pc1 Pc2
= n1x1’sc1(n2)x
−1
1︸ ︷︷ ︸
∈N
x1x2︸︷︷︸
∈C
Pc1 Pc2︸︷︷︸
∈T
:
Denition 8. Let G be a connected and simply connected solvable Lie group with nilradical N
and maximal connected nilpotent supplement C for N . The group PG = N o C=N ∩ C is called the
semi-simple splitting of G based on C.
Although, this semi-simple splitting group (and the terminology “based on C”) seems to depend
on the choice of the nilpotent supplement C, two di0erent almost nilpotent supplements lead to
isomorphic semi-simple splittings (see [10, Theorem 5.4]). This fact will not be needed in this
paper.
Theorem 9. Let G be a connected and simply connected solvable Lie group with nilradical N . Let
F ⊆ Aut(G) be a 2nite group of automorphisms of G and let C be a maximal connected nilpotent
supplement to N such that 	(C)=C; ∀	∈F . If PG=GoT is the semi-simple splitting of G based
on C; then any 	∈F can be extended to an automorphism 	˜∈Aut( PG) by
	˜ : PG → PG : g Pc 
→ 	(g)	(c); ∀g∈G; ∀c∈C:
It follows that F can be seen as a group of automorphism F˜ = {	˜ | 	∈F} of PG.
Note that for a given 9nite group F ⊆ Aut(G), the existence of a suitable C is guaranteed by
Theorem 7.
Proof. Let c be any element of C and denote by ’c; as before; the automorphism of N given by
’c(n) = cnc−1; ∀n∈N .
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We claim that for all automorphisms 	∈F we have that
’s	(c) = 	’
s
c	
−1; (3)
where, in the right-hand side of this equation, 	 and its inverse are to be interpreted as their
restrictions to the nilradical N . To prove formula (3) note that
’	(c)(n) = (	’sc	
−1	’uc	
−1)(n):
This shows that ’	(c) = (	’sc	
−1)(	’uc	−1), where (	’sc	−1) is semi-simple, (	’uc	−1) is unipotent
and (	’sc	
−1) and (	’uc	−1) commute. By the uniqueness of the multiplicative Jordan decomposition,
this implies that ’s	(c) = 	’
s
c	
−1 as claimed. We now show that the formula for 	˜ really de9nes a
morphism of PG. First of all note that 	˜ is well de9ned as 	(c) is independent of the choice of the
representative c for the coset Pc. Let n1; n2 ∈N and x1; x2; c1; c2 ∈C. On the one hand, we have that
	˜((n1x1 Pc1)(n2x2 Pc2)) = 	˜(n1x1’sc1(n2)x2c1c2)
= 	(n1)	(x1)	(’sc1(n2))	(x2)	(c1c2): (4)
On the other hand,
	˜(n1x1 Pc1)	˜(n2x2 Pc2) = (	(n1)	(x1)	(c1))(	(n2)	(x2)	(c2))
= 	(n1)	(x1)’s	(c1)(	(n2))	(x2)	(c1)	(c2): (5)
The equality of (4) and (5) is now obvious from (3).
The fact that all 	˜ are automorphisms and F˜ is a group isomorphic to F is now obvious.
5. NIL-a*ne crystallographic actions
We are now ready to return to NIL-a$ne crystallographic actions. We 9rst consider (simply)
transitive actions of Lie groups and afterwards, we apply the obtained result to arrive at the main
result on NIL-a$ne crystallographic actions.
Theorem 10. Let G be a connected and simply connected solvable Lie group and F ⊆ Aut(G) be a
2nite group of automorphisms of G. Then, there exists a connected and simply connected nilpotent
Lie group M and a representation
 :Go F → A0(M)
such that G acts simply transitively on M via .
Proof. The proof we present is a generalization of the procedure described in Section 6 of [10],
where the case for trivial F was treated. Let C be a maximal connected nilpotent supplement
to the nilradical N of G which is invariant under F and let PG = G o T be the semi-simple
splitting based on C. We let F˜ be the group obtained in Theorem 9. Then, there is
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an embedding
i :Go F → PGo F˜ = (Go T )o F˜ ;
mapping 	 onto g	˜, for all g∈G and 	∈F . Let M denote the nilradical of PG. In [10], it was shown
that M is a simply connected and connected nilpotent Lie group of the same dimension as G and
that
PG = G · T =M · T:
Therefore, we also have that
PGo F˜ = (M · T ) · F˜ =M · (T · F˜):
If we use T˜ = T · F˜ , we see that PGo F˜ =Mo T˜ for some action ’ : T˜ → Aut(M) of T˜ on M . Let
 :M o T˜ → M o Aut(M) : (m; t˜) 
→ (m;’(t˜)); ∀m∈M; ∀t˜ ∈ T˜ :
We then have a representation
=  ◦ i :Go F → M o Aut(M):
The fact that G acts simply transitively on M was already treated in [10].
We are now ready to prove the main result of this paper.
Theorem 11. Let  be any virtually polycyclic group. Then there exists a connected and simply
connected nilpotent Lie group M and a NIL-a5ne crystallographic action  : → A0(M).
Proof. Let H denote the unique maximal 9nite normal subgroup of . Then ′ = =H has no
non-trivial 9nite normal subgroups. It is enough to construct a suitable NIL-a$ne crystallographic
action ′ for the group ′, for we can then use =′◦p (where p : → ′ is the natural projection)
as the desired action of .
Therefore we assume that  has no non-trivial 9nite normal subgroups. In [20, Theorem 3] it
was shown that  is isomorphic to a discrete, cocompact subgroup of a semi-direct product GoF ,
where G is a connected, simply connected solvable Lie group and F is a 9nite subgroup of Aut(G).
From now onwards, we identify  with its isomorphic image as a discrete, cocompact subgroup
of Go F .
By the previous theorem we know that GoF admits an action  :GoF → A0(M), letting G act
simply transitively on M . Then the restriction of this action to  will be both properly discontinuous
(as  is discrete in Go F) and cocompact (as  is cocompact in Go F). This shows that this
action is a NIL-a$ne crystallographic, proving the theorem.
By the above theorem, we know that the setting of the NIL-a$ne crystallographic actions might be
a geometrical characterization of the class of virtually polycyclic groups. To know this for sure, we
should be able to solve the following:
Problem 12 (A generalized Auslander conjecture): Let M be a simply connected and connected
nilpotent Lie group and let  ⊆ A0(M) be a group acting crystallographically on M . Is it true
that  is virtually polycyclic?
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This problem is closely related to the original Auslander problem. Moreover, if M is an n-
dimensional connected and simply connected Lie group, then A0(M) is in general of a much smaller
dimension then A0(Rn). Therefore, it is not unreasonable to believe that the generalized Auslander
conjecture above has a positive answer.
As an example of another problem which deserves our attention in the future, we mention the
following:
Problem 13. Let  be any virtually polycyclic group. Can one determine
Min
{
c
∣∣∣∣M is a nilpotent Lie group of class c and  admitsa NIL-affine crystallographic action  : → A0(M)
}
?
6. Interpretation in terms of polynomial actions
In this section, we will see that we can translate our main result in terms of polynomial crystal-
lographic actions. In turns out that we have re-established the main result of [8] (in a completely
di0erent manner) and that we in fact improved this result (and the main result of [11]) in a very
sharp way (see Conjecture 1.1 in [11]).
Let M be a connected, simply connected and nilpotent as in the previous section. The exponential
map exp :m→ M is an analytic bijection (m is the Lie algebra of M). Therefore, after choosing a
basis of m as a vectorspace, we have an identi9cation
Rn = Rdim(m) ≡ m exp−→M:
Using this identi9cation, we can translate the action of M o Aut(M) on M , to an action of M o
Aut(M) on Rn. In [10] (see also [9, Lemma 2.2]) it was shown that this action is expressed by
polynomial maps p∈P(Rn) which are of degree 6Max{c − 1; 1}, where c denotes the nilpotency
class of M (this is just an application of the Campbell–Baker–Haussdorf formula).
As the dimension of M is n, we have that c6 n− 1.
Now, let Go F be as in the previous section and suppose that we have a representation  :Go
F → A0(M). After identifying M with Rn, we can view this representation as polynomial action
′ :Go F → P(Rn), where for each x∈Go F , the degree of ′(g) is 6Max{n − 2; 1} (because
the nilpotency class of M is 6 n− 1). So, as a corollary to Theorem 10, we 9nd
Theorem 14. Let G be a connected and simply connected n-dimensional solvable Lie group and
F ⊆ Aut(G) be a 2nite group of automorphisms of G. Then, there exists a representation
 :Go F → P(Rn)
such that
(1) G acts simply transitively on Rn via .
(2) For each x∈Go F , the polynomial map (x) is of degree 6Max{n− 2; 1}.
Moreover, for discrete groups we 9nd that
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Theorem 15. Let  be any virtually polycyclic group of Hirsch length h(). Then there exists a
polynomial crystallographic action
 : → P(Rh())
of degree 6Max{h()− 2; 1}.
which answers positively Conjecture 1.1 of [11].
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